presented. The unified model also enables the development of a more rational and reliable equivalent steel reinforcement ratio which can be applied to existing code equations for steel reinforced slabs to estimate the punching resistance of FRPreinforced slabs.
INTRODUCTION
The use of FRP reinforcement in practice, especially where the corrosion of steel bars is a concern, is very much hampered by the absence of reliable design methods to determine the ultimate strength of structural elements, especially flat slabs and bridge decks, made with FRP-reinforced concrete. For example, although a few design methods exist to predict the ultimate punching shear strength of slab-column connections reinforced with internal FRP reinforcement, most of these recommendations are either empirically based to fit the available test data [1] or constitute a refinement of various code predictions for steel-reinforced slabs on account of the lower elastic modulus of FRP bars [1] [2] [3] [4] [5] [6] . However, the applicability of the above mentioned modified code predictions to FRP-reinforced slabs is questionable because of the differences that exist between FRP and traditional steel reinforcement. FRP compared with steel, has a brittle linear elastic response, as shown in Fig. 1a , but more importantly, it has many different bond features. Punching shear test results reported by various investigators [1, [4] [5] [7] [8] [9] [10] reflect these differences, and demonstrate that they affect the ultimate punching load of an FRP slab.
In a recent contribution, Theodorakopoulos and Swamy [11] have proposed a simple analytical model to predict the ultimate punching shear strength of FRPreinforced slab-column connections. The model is based on the physical behavior of the connections under load, and determines the depth of the compression zone to account for the FRP elastic modulus, tensile strength and bond characteristics. The determination of the depth of the compression zone is usually a major obstacle to any satisfactory theory for the ultimate strength in shear.
The overall objective of this paper is to present a simple and reliable design method, accounting for determining the shear capacity of FRP-reinforced slab-column connections at ultimate load. The uniqueness of the proposed model lies on the way it is developed, and it is shown that this model is identical in nature and structure to that used for the design of steel reinforced concrete slabs failing in punching shear. This fact offers engineers an unified design approach for the design of these structural members, irrespective of whether the internal reinforcement is made of steel or FRP.
Based on the unified design model comparisons and correlation between the punching shear strengths of an FRP slab and a reference steel slab are presented. In addition, a rational and reliable equivalent steel reinforcement ratio to estimate the punching shear strength of an FRP slab from existing code provisions for a steel reinforced slab is derived.
MODIFIED CODE EXPRESSIONS FOR FRP SLABS
To evaluate the punching shear capacity of FRP-reinforced slabs, researchers have modified the code equations for steel-reinforced slabs of ACI 318-05 [12] and BS 8110-97 [13] , given below, to account for the lower elastic modulus of FRP 
where f′ c is the specified cylinder compressive strength of concrete, b o is the perimeter at the critical section located at 0.5 d away from the column face and d is the average effective slab flexural depth.
In BS 8110-97 [13] , for steel reinforced slabs, V c is calculated as 
Matthys and Taerwe [5] proposed the following equation, for two-way slabs reinforced with FRP bars or grids, as a modification of BS 8110 equation (5) [ ]
where f cm is the mean cylinder concrete compressive strength at 28 days.
Furthermore, Ospina, Alexander and Cheng [1] proposed an empirical equation, based on Eq. (5), given by
It can be seen that in Eq. (6) the effect of modular ratio E f /E s is taken as the square root instead of the cube root, in order to produce better results, whereas the scale effect on the punching of slabs with FRP reinforcement is omitted, since this effect was reported not to be evident based on the available FRP test results [1] .
A comprehensive review on the reliability of most of the above mentioned predictive equations of test results for FRP-reinforced slabs can be found in Ospina et al [1] . They reported that among the punching shear strength estimators considered, the modified expression (Eq. (5) [5] , with the average test-to-predicted ratio being 1.40.
More recently, Ospina [6] proposed the following equation for predicting the punching capacity of two-ways slabs reinforced with either steel or FRP bars
where E = E s and ρ = ρ s for steel slabs, E = E f and ρ=ρ f E f /E s for FRP slabs, and E c is the modulus of elasticity of concrete. It can be seen that Eq. (7), in essence, constitutes a modification of the ACI 318 [12] equation through the introduction of the factor k, which represents the effect of the slab reinforcement ratio, steel or FRP.
Nevertheless, Eq (7) is still a conservative predictor when applied to available FRP slab test results [6] .
ANALYTICAL MODEL FOR FRP SLABS
According to the theory of Theodorakopoulos and Swamy [11] the ultimate punching shear strength of FRP-reinforced concrete slabs, accounting for the scale effect, is given as
In the equations above, and f cu are the tensile and cube compressive strength of concrete, respectively; θ is the mean angle of the failure surface taken as 30°, ξ s =(100/d) 1/6 is the scale effect factor, and b p is the critical perimeter of BS 8110 defined in Eq. (2) . Furthermore, X s, which is independent of the material properties, and (X f ) f are the neutral axis depths for critical shear section and critical flexural 3 / 2 cu ct f 27 . 0 f = section, respectively. (X) f is taken as the harmonic mean of X s and (X f ) f , and represents the combined neutral axis depth of the slab as explained in Refs [14, 15] . Equation 8(a) for (X) f expresses, in effect, that the governing failure load under punching shear is due to the complex moment -shear interaction where punching is considered as a form of combined shearing and splitting, occurring without crushing, but under complex three dimensional stresses [14] .
PROPOSED DESIGN EQUATION FOR FRP REINFORCED

SLABS
For the purpose of evaluating the design punching shear strength of FRP-reinforced slab-column connections, the calculation of the neutral axis depth of the flexural section, (X f ) f , at failure, can follow a procedure similar to that proposed for the steelreinforced slabs in Theodorakopoulos and Swamy [14] . Thus, adopting, for the sake of simplicity, the rectangular concrete stress block associated with ACI 318 (Fig. 1b) where the term 0.80f cu represents the cylinder compressive strength of concrete and using the equilibrium equations, one obtains d) (0.25 0.145f
where ε f = f f / E f and f f are the actual strain and stress of FRP reinforcement, respectively.
To evaluate the FRP strain ε f in Eq. (9) the analysis due to Theodorakopoulos and Swamy [11] is employed. This procedure assumes that, because of the bond slip failure that occurs at the final stages of failure of tested flat slabs, the actual FRP strain ε f is a fraction of the FRP strain ε * f , calculated on the assumptions of perfect bond and strain compatibility, i.e.,
Thus, the introduction of the coefficient k f in Eq. (10) 
Thus, solving Eq. (11a) with respect to ε 
In the above, ε cu is the specified value of the concrete compressive strain at ultimate and ρ fb is the FRP reinforcement ratio at balanced conditions, that is, an FRP ratio where concrete crushing and FRP rupture occur simultaneously. The ρ fb ratio, the value of which depends on the ultimate FRP strain ε fu considered, is calculated on the assumptions of perfect bond between FRP and concrete, and strain compatibility conditions.
The effectiveness of using the normalized ratios ε f * /ε fu , ε f /ε fu and ρ f /ρ fb in Eqs.
(11b-c) has been explained in Theodorakopoulos and Swamy [11] and the main conclusions drawn are summarized as follows. 
the combined neutral axis depth (X) f Eq. (8a), on account of Eqs. (9) and (13), is expressed as
The coefficient λ f in Eq. (13b) indicates the stress or strain at which the FRP reinforcement works at failure stages. It is obvious that λ f is always less than unity for slabs with ρ f /ρ fb > 0.33, which means ε f < ε fud . It is to be pointed out that, even though, (for ε cu = 0.0035 and ε fud = 0.0105) (15) and, therefore, in what follows, all comments mentioned previously for ρ f /ρ fb , are also valid for α f .
The unknown as yet value of λ f in Eq. (13a) can be calculated for design purposes on account of Eqs. (11c) - (12) and (15), as follows
From the above, it is apparent that the adopted value of 0105 . 0 fud = ε in Eq. (12) 
which, in conjunction with expressions (13a) and (16), is the design prediction equation for the ultimate punching strength of FRP-reinforced concrete slab-column connections.
Equations (16) and (17), due to Eq. (15), are obviously valid for α f > 0.33 since i) for α f ≤ 0.33 FRP rupture governs and ii) the proposed FRP design model is intentionally restricted to the case where the punching shear capacity is less than the shear force at the flexural capacity of a slab. However, the application of Eq. (17) to test slabs with α f ≤ 0.33, and reported to have failed by a mixed failure mode, that is, flexure -punching or punching -flexure might be justified. In such a case, the value of λ f = ε f / ε fud is obviously calculated on the basis of ε f = ε fu , irrespective of whether the specified FRP strain ε fu is less or greater than the reference FRP strain ε fud = 0.0105, since in a real test slab the FRP reinforcement experiences strains up to the tensile strain at ultimate, ε fu .
Verification of test results and discussion
The proposed design equation has been applied to predict the punching shear capacity of 28 FRP-reinforced concrete slabs reported in the literature. The geometry of the tested slabs, the material properties, the analysis and the results are shown in Table 1 .
It can been seen that the slabs analyzed cover many variables that influence punching shear behaviour, such as, size of loaded area, effective depth of slab, concrete strength, FRP reinforcement ratio and, very importantly, different types of FRP reinforcement with varied manufacturing processes, elastic modulus and ultimate tensile strength. For the proposed design model the predicted-to test punching shear strength ratio is 0.934 with a standard deviation of 0.102. The latter is much less than 0.150, which is generally acceptable from a structural point of view. Thus, the design model appears to be equally reliable and consistent as the authors' proposed theoretical analysis [11] , and compares favourably to existing design models for FRP slabs [1, [5] [6] .
It should be pointed out that the proposed design model, based on the moment- (8e) and (14), is less than that of the FRP control slab, i.e., less than 0.25d, thus verifying the fact that flexural crack heights in FRP reinforced members are expected to be larger than those in steel reinforced members.
In what follows, the authors' design equation for steel-reinforced concrete slabs [14] is briefly presented and the two models are compared. In addition, a new equation of the equivalent steel ratio is proposed on the basis of equal design predictions for two slabs identical in all respects but the type of reinforcement.
DESIGN MODEL FOR STEEL SLABS
For the two-way normal concrete slabs reinforced with steel bars, the following design equation has been proposed for the ultimate design strength, V usd (Theodorakopoulos and Swamy) [14] . By defining, In the above, f s and f y are the steel stress and the steel yield stress, respectively.
Therefore, the coefficient λ s in Eq. (19) indicates the effectiveness of the steel stress,
i.e., the stress at which the tension steel works (either greater or less then f y ) at the ultimate stage of punching. Details of the calculation of λ s can be found in Ref. [14] .
It is again worth noting that the design equation (20) (on the mean) for slabs R1, R1′, R2 and R3. It is to be pointed out that these ratios are of comparable magnitude to those (on the mean) of the corresponding FRP-reinforced slabs of these researchers.
A UNIFIED MODEL FOR PUNCHING SHEAR
A comparison of the design expressions (16)-(17) and (19)-(20) for FRP-reinforced
and steel reinforced slabs, respectively, shows that the two models are identical in nature and structure. Both models include all the key parameters that play an important role on punching shear behavior, such as, size effect, size of the column area, slab effective depth, reinforcement ratio and concrete strength. It is obvious that they differ only in the value of αλ -since the parameter α f λ f expresses the different engineering properties and bond characteristics of the FRP reinforcement, as compared to parameter α s λ s for steel reinforcement. Also, the term 2αλ/(1+ αλ) in both equations expresses the interaction of the two critical sections considered in developing the proposed equations, namely, shear and flexural. As a result of this moment-shear interaction, it can easily be seen from the two design equations that the influences of the steel or FRP ratio and concrete strength on punching shear strength are not isolated and single contributors, as assumed in code equations. Finally, in addition to the above considerations it appears that the design equations (17) and (20) retain the structure and simplicity of various code equations for steel slabs or modified equations for FRP slabs and, therefore, they are easy to apply by researchers and design engineers.
Thus, as a conclusion, it can be said that a simple and reliable unified design 
Comparison between FRP and steel slabs (experimental evidence)
Matthys and Taerwe [5] , in their systematic FRP reinforced slab tests, given in Table   1 • FRP-reinforced concrete slabs, such as of series C1 and CS designed with a similar flexural strength as reference slabs of series R1, have significantly lower punching strengths.
• Comparing slabs with similar effective depths and different types of flexural reinforcement, the obtained failure loads are roughly similar for equal equivalent reinforcement ratios ρ f E f / E s , such as slabs of series R1, C2 and H2 or of series C1 and CS.
• FRP-reinforced concrete slabs designed with a similar flexural stiffness as steel reference slabs R1/R1 ΄ have similar or higher punching strengths for series C2/C2΄ and C3/C3΄ and slightly lower punching strengths for slabs H2 and H3.
• Comparing FRP slabs with similar flexural stiffness but with different effective depths and reinforcement ratios, such as C2/C2΄ and C3/C3΄, the effect of increasing the slab depth on the punching resistance (comparing slabs C1/C3) seems to be more pronounced than the effect of increasing the reinforcement ratio (comparing slabs C1/C2).
• Comparing slab H2 with the steel reference slab R1 of similar flexural stiffness, it is concluded that to obtain similar punching resistance the FRPreinforced slabs should have an FRP ratio that is sufficiently higher than steel ratio.
Based on the above considerations, it can be said that all three characteristics, (18) for α s contain the quantities ρ f f fu and ρ s f y (for flexural strength), ρ f E f and ρ s E s (for equivalent reinforcement ratio) and, in addition, the concrete strength f cu .
Furthermore, coefficients λ f and λ s account for the bond between concrete and FRP (slip behavior) and steel reinforcement (perfect bond), respectively. Figure 3 shows the variation of the ultimate punching shear strengths, Eqs. According to the curves in Fig. 3 , FRP reinforced concrete slabs designed with the same flexural strength (ρ f f ufd ) as the reference steel reinforced slab (ρ s f y ), which implies α f = α s , should have significantly lower punching strengths. This conclusion of the theory is due i) to the lower elastic modulus of the FRP reinforcement, as compared to steel and ii) to the bond-slip behavior of the FRP reinforcement (k f = 0.55). If a higher value is assigned in k f , say 0.715, to reflect the use of FRP reinforcement with better bond characteristics, as Carbon NEFMAC in slabs of series C1, C2 and C3 [5] , the predicted punching strengths increase (not shown in Fig. 3 ), still remaining lower than the predicted strength of the reference steel-reinforced slab. This is fully justified by the test results of Matthys and Taerwe [5] , as mentioned before, by comparing the slabs of series C1
and CS with the refernce steel slab R1.
2. FRP and steel slabs with equal punching resistances.
To obtain equal punching resistances between an FRP slab and a reference steel slab, one can follow the arrows shown in Fig. 3 . It is clear that the FRP slab should have an α f value that is sufficiently higher than α s for reasons analogous to those of point 1. An example of this are slabs H2 (α f = 2.49) and R1 (α s = 0.48) with comparable magnitude of failure loads, being 231 kN and 240 kN, respectively [5] . This aspect will be explained and discussed in detail in the next section.
Effect of increasing reinforcement ratio.
Given that α f and α s are proportional to ρ f and ρ s , respectively, it can be seen from 
Equivalent steel ratio
The equivalent steel reinforcement ratio required to refine the various code predictions for steel-reinforced slabs, when the ultimate design punching shear strength of an FRP-reinforced slab is needed, can easily be estimated on the basis of the above mentioned unified model, as follows.
By equating the design predictions from Eq. (17) 
CONCLUSIONS
The main conclusions derived from this study may be summarized as follows: Tables   Table 1-Predicted design loads compared with FRP test punching strengths   Table 2 Equivalent steel reinforcement ratio 
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